A method to deal with the two-dimensional transient problem of a line force or dislocation in an anisotropic elastic half-space is developed. The proposed formulation is similar to StrohÕs formalism for anisotropic elastostatics in that the two-dimensional anisotropic elastodynamic problem is cast into a six-dimensional eigenvalue problem and the solution is expressed in terms of the eigenvalues and eigenvectors. An analytic solution is obtained without performing integral transforms. Numerical examples are presented for a silicon half-space subjected to a line force or dislocation.
Introduction
The propagation and reflection of waves in an elastic half-space is of practical importance in the fields of seismology and non-destructive testing. Lamb (1904) was the first to consider the generation of elastic waves by the application of a surface impulsive line or point force on the surface of an isotropic half-space. He also gave the formal solutions for a buried force as integrals which were later studied by Nakano (1925) and Lapwood (1949) , among others.
The two-dimensional LambÕs problem for a transversely isotropic half-space subjected to a surface line force has been studied by Kraut (1963) using CagniardÕs technique. The treatment has been extended to general anisotropic materials by Burridge (1971) . Payton (1983) has obtained explicit closed form solution for the surface displacements for transversely isotropic media. The interior response was calculated for a 0020-7683/$ -see front matter Ó 2005 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2005.07.009 half-space of cubic symmetry by Mourad et al. (1996) . Maznev and Every (1997) employed the Fourier transform to show a functional equivalence for surface response between the time and Fourier domain. Recently, Wu (2000) has used a Stroh-like formulation that does not require integral transform to derive explicit solution for the displacement fields.
All of the aforementioned works on anisotropic half-spaces are for surface loading. There appear to be few results for internal sources. Payton (1983) obtained a closed form expression for the epicenter displacement due to a buried point force in a transversely isotropic half-space. Spies (1997) gave the solution in the Fourier transform domain for a point force in a general anisotropic half-space. Recently Wu (2001) derived the surface motion due to a line force or dislocation in a general anisotropic elastic half-space.
In this paper an explicit solution is provided for the interior response due to a impulsive line force or a line dislocation in a general anisotropic half-space. The problem of a buried force is more complicated than that of a surface force as the former involves a characteristic length-the depth of the source. A formulation developed by Wu (2000) will be extended to treat the present problem. In this formulation the solution is expressed in terms of the eigenvalues and eigenvectors of a six-dimensional matrix, which is a function of the material constants, time and position. A major advantage of the proposed formulation is that no integral transforms are required. This fact greatly facilitates derivations of explicit solutions.
The plan of the paper is as follows. In Section 2 the formulation is developed to treat the non-self-similar problems. In Section 3 the formulation is applied to study the problem of a buried source in a traction-free half-space. Numerical examples are given in Section 4. Some concluding remarks are finally given.
Formulation
For two-dimensional deformation in which the Cartesian components of the stress r ij and the displacement u i , i, j = 1, 2, 3, are independent of x 3 , the equations of motion are
where t 1 = (r 11 , r 21 , r 31 ) T , t 2 = (r 12 , r 22 , r 32 ) T , € u is the acceleration, q is the density, a subscript comma denotes partial differentiation with respect to coordinates and overhead dot designates derivative with respect to time t. The stress-strain laws are
where the matrices Q, S, and T are related to elastic constants C ijks by
The equations of motion expressed in terms of displacements are obtained by substituting Eqs. (2) and (3) into Eq. (1) as
Let the displacement be assumed as u(x 1 , x 2 , t) = u(w) with the variable w(x 1 , x 2 , t) implicitly defined by
where p(w) and q(w) are functions of w. It will be shown later that p(w) is determined by Eq. (4) but q(w) is arbitrary. The special case q(w) = 0 has been discussed by Wu (2000) . The first derivatives of u(w) with respect to x 1 , x 2 , and t can be expressed as is given by
and ÔprimeÕ denotes the derivative with respect to w. With Eqs. (7) and (8), Eq. (4) becomes
where I is the identity matrix. Let u 0 (w) be expressed as
where f(w) is an arbitrary scalar function of w. It follows that u(w) is a solution of Eq. (4) if
where D(p, w) is given by
For non-trivial solutions of a(w) we must have
where jDj is the determinant of D. Eq. (14) provides six eigenvalues of p as a function of w, denoted by p k (w), k = 1,2, . . . , 6. The function p k (w) is single-valued if w is allowed to range over the six sheets P k of its Riemann surface, taking the values p k (w) on P k (Willis, 1973) . If w is real and jwj is sufficiently large, there are six real roots p k (w) such that (Wu, 2000) dw dp
where r 2 is the x 2 component of the ray velocity. Three of these roots characterized by dw/dp > 0 are associated with the rays propagating in the direction of positive x 2 direction and the others by dw/dp < 0 with the rays propagating in the direction of negative x 2 direction. The three of the former type will be assigned to the Riemann surfaces P k ðk ¼ 1; 2; 3Þ and the three of the latter type to P k ðk ¼ 4; 5; 6Þ. The sheets are connected across appropriate lines joining the branch points of p k (w), which are located on the real axis in the complex w-plane and are determined by dw/dp = 0. It can be shown that p k (w) has positive imaginary part in the upper half of P k ðk ¼ 1; 2; 3Þ and negative imaginary part in the upper plane of P k ðk ¼ 4; 5; 6Þ.
The variable w k = w k (x 1 , x 2 , t) can then be solved from Eq. (5) by taking p(w) = p k (w).
It is obvious that if p k (w) and a k (w) are, respectively, the eigenvalue and eigenvector of Eq. (12), so are p k ðwÞ and a k ðwÞ, where the superposed bar denotes the complex conjugate. Thus from Eq. (6), the general solution of Eq. (4) may be represented as
where f k (w k ) is an arbitrary function of w k and k = 1, 2, 3 or 4, 5, 6. The choice of the range of k depends on whether up-going rays or down-going rays are considered. By substituting Eqs. (16) and (17) into Eqs. (2) and (3), the general solutions of the stress vectors t 1 and t 2 can be expressed as
where
The second identity in Eq. (21) 
; nðwÞ ¼ aðwÞ
Eq. (22) is in the same form as that in StrohÕs formalism for steady-state motion (Stroh, 1962) . Let 
These matrices satisfy the closure relations (Ting, 1996, p. 445 )
if the eigenvectors n a (w), a = 1,2, . . ., 6, are normalized such that
where d kj is the Kronecker delta 3. A line force and dislocation in a half-space Consider a line force FH(t) and a dislocation with Burgers vector bH(t), H(t) being the unit step function, at x 1 = 0 and x 2 = h in the half-space x 2 P 0. The configuration is shown in Fig. 1 . The boundary conditions at x 2 = 0 is given by t 2 ðx 1 ; tÞ ¼ 0.
The resulting _ u and t 2 may be expressed as
where _ u ð0Þ and t
2 are, respectively, the particle velocity and the stress vector due to the sources in an infinite medium, _ u ð1Þ and t
2 are those due to the reflected waves from the free surface. The solution for the line force in an infinite medium has been obtained by Wu (2000) and that for the line dislocation may be derived similarly. The result is
Eqs. (30) and (31) may also be expressed in matrix form as
k and e k is the unit vector in the x k -direction. From Eqs. (18) and (20) 
where w kj is determined by
and R kj is the reflection coefficient. Note that at x 2 = 0,
and Eq. (36) becomes
. Substituting Eqs. (31) and (39) into Eq. (27) yields
The function R kj (w kj ) can be obtained from R k as
With Eq. (41) substituted, Eqs. (35) and (36) can be expressed in matrix form as
Three special cases: (a) t ! 1, (b) h ! 0, and (c) x 2 = 0, are discussed as follows:
(a) For t ! 1, w kj ! 0 such that
where z j = x 1 + p j (0)x 2 . Eqs. (34) and (44) become t
2 ðx 1 ; x 2 ; tÞ ¼
; ð45Þ t ð1Þ 2 ðx 1 ; x 2 ; tÞ ¼ 1 p
; ð46Þ
In Eqs. (45) and (46) Eqs. (45) and (46) agree with the static result (Ting, 1996, pp: 261-262 are given by
Eq. (43) for b = 0 can be written as
On the other hand, Eq. (33) with h ! 0 may be expressed as
The total velocity obtained by adding Eqs. (47) and (48) is given by
where Eq. (26) has been used. Eq. (49) is identical with the result derived by Wu (2000) for a line force applied on the surface of a half-space. (c) At x 2 = 0, the expression given by Eq. (43) may be simplified as
The total surface response obtained by the sum of Eqs. (33) and (50) is
The steps leading to Eq. (51) are given as follows:
where the second line follows from Eq. (25) and the last line is a result of Eq. (26). Eq. (51) has been obtained by Wu (2001) by a different approach. In summary, the particle velocity due to the line force and the dislocation given by substituting Eqs. (33) and (43) into Eq. (28) is
with G ð0Þ f and G ð1Þ f given by
and
with G 
Since the velocity field due to FH(t) is the same as the displacement field due to Fd(t), d( ) being the Dirac delta function, G f may also be regarded as the GreenÕs function for an impulsive force. Similarly G b is the GreenÕs function due to an impulsive dislocation.
Numerical examples
In order to calculate the dynamic response due to a buried source, w k and w kj as a function of x 1 , x 2 and t must be determined from Eqs. (32) and (37), respectively. Since those functions cannot be obtained explicitly in general, a numerical scheme is developed as follows. Either Eq. (32) or Eq. (37) is in the following form:
For fixed x 1 , x 2 and t, expand /(w) about some trial value w 0 up to the second order term by TaylorÕs series,
where Dw = wÀw 0 , and (f) 0 = f(w 0 ). An approximate solution of Dw can be obtained by substituting Eq. (60) into Eq. (59) as
where a, b, and c are given by
Let w 1 = w 0 + Dw. If j/(w 1 )j < , where is a preset error, then w 1 is accepted as the solution of w for given x 1 , x 2 and t. Otherwise Eq. (61) is used again with w 0 replaced by w 1 . The process is repeated until the error criterion is met.
In the numerical examples the GreenÕs functions are expressed in the following dimensionless form: where
. Some components of G f and G b , for fixed values of n and m, were calculated as a function of hs/r for an isotropic material and as a function of s for an anisotropic silicon crystal. For the isotropic material, the ratio of the speeds of the longitudinal wave (P-wave) and transverse wave (S-wave) was taken as ffiffi ffi 3 p . The elastic constants of silicon used for calculations were C 11 = 165 GPa, C 12 = 63 GPa and C 44 = 79 GPa with respect to the symmetry axes. The coordinate axes were chosen such that the (x 1 , x 3 )-plane was on the (1 1 1) surface and the x 1 -axis was in the ½1 1 0 direction. In all the figures presented sharp peaks correspond to singularities arising from the wave arrivals.
Figs. 2 and 3 show ðG f Þ 12 and ðG f Þ 22 , respectively, for the isotropic material at n = 1 and m = 0.5. The components ðG f Þ 12 and ðG f Þ 22 , respectively, correspond to the horizontal and vertical displacements due to a unit vertical force. The arrivals of direct P-wave and S-wave are indicated by P and S. The arrivals of the reflected P-wave and S-wave due to the incident P-wave are indicated, respectively, by PP and PS; those due to the incident S-wave are indicated by SP and SS. The result is in close agreement with that in (Su and Farris, 1994) . Fig. 4 displays the wave surface in an infinite medium of silicon. The wave surface consists of three wave fronts: one corresponding to quasi-longitudinal P-wave and two corresponding to quasi-shear S 1 -wave and S 2 -wave. Figs. 5 and 6 show ðG f Þ 12 and ðG f Þ 22 , respectively, for silicon at n = 1.6 and m = 1.2. The components ðG f Þ 12 and ðG f Þ 22 , respectively, are the horizontal displacement and vertical displacement due to a line impulse in the vertical direction. Figs waves due to the incident P-wave are indicated by PP, PS 1 , PS 2 . The arrivals of the reflected waves due to the incident S 1 and S 2 waves are indicated in a similar way. It is seen that all wave arrivals are accurately captured.
Conclusion
The formulation developed by Wu (2000) is generalized to treat buried dynamic sources in an anisotropic elastic half-space. The displacement or traction fields in time domain have been obtained without using integral transforms. The numerical results show that the dynamic responses can be efficiently calculated and the complicated wave phenomena accurately captured. 
